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Abstract. Model checking plays a central role in the formal verification
of dynamic systems. However, classical temporal logics such as CTL as-
sume a complete and absolute perspective on truth, which limits their
expressiveness in contexts where partial information and constructivity
are essential. In this paper, we propose Intuitionistic Computation Tree
Logic (ICTL), a novel temporal logic that integrates the semantics of
CTL with the constructive principles of intuitionistic logic. ICTL adopts
a birelational semantic framework which models the interaction between
temporal evolution and the growth of knowledge over time. We formally
define the syntax and semantics of ICTL, analyze its foundational prop-
erties, and show that key fixed-point characterizations of classical CTL
hold in this setting. We then present an efficient model checking algo-
rithm for the novel logic, maintaining the same PTIME complexity of
classical CTL. ICTL is particularly well-suited for verifying properties in
systems where traceability, information growth, and constructive reason-
ing are crucial, such as medical monitoring, geophysical data analysis,
and database auditing. We validate our theoretical contributions through
the extension of VITAMIN, a verification tool for Multi-Agent Systems,
to support ICTL. Benchmarks confirm the practical tractability of ICTL
model checking, reinforcing its potential for constructive temporal veri-
fication in real-world settings.

Keywords: Formal Methods - Intuitionistic Logic - Knowledge Repre-
sentation

1 Introduction

Formal methods for temporal reasoning are central to the specification and ver-
ification of reactive systems [13,24,16]. Over the past decades, temporal logics
such as Linear Temporal Logic (LTL) and Computation Tree Logic (CTL) [12]
have become standard tools for reasoning about the correctness of programs and
systems that evolve over time. These logics are typically interpreted over Kripke
structures and rely on classical logic, where every proposition is either true or
false in each state, reflecting the assumption of complete and static information.
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While this assumption suits many classical verification tasks, it is inadequate
in scenarios where system observations or guarantees rely on information that
evolves progressively, or is not completely accessible at once. For example, con-
sider the requirement that a database write operation must persist eventually;
ensuring such persistence involves reasoning over a potentially uncertain or un-
folding computation where the truth of a property can only be constructed over
time.

Intuitionistic Logic. In modal and temporal extensions of classical propositional
logic, the law of the excluded middle ¢V =y is valid. From an information-based
perspective, this means that these logics can only represent complete informa-
tion: every formula ¢ is either true or false in a model. The assumption of
complete information is, however, inadequate when it comes to representing the
information available to real-world scenarios. To represent the development of
imperfect or fallible information over time, it turns out that constructive logics
are useful as base logics for temporal reasoning [15,28,14]. Intuitionistic logic
(IL) [5,8,21,22] is a subsystem of classical logic which historically arose out of
intuitionism school developed in the early 1900s whose main intent was to formu-
late a more constructive foundation for mathematics. In this setting, the notion
of truth for a formula is procedural and depends on the ability to know or prove
it. As a result, in IL, the law of the excluded middle ¢ V —¢ does not hold in
general, i.e., it is not always possible to have knowledge (i.e., prove or verify) ¢
or its negation. There have been several successful attempts to create semantics
for IL such as Beth’s tableaux [19], topological and algebraic models [25], and
Kripke models [20]. The best known semantics is based on Kripke models [20]
where the accessibility relation is a partial order over the set of states or worlds
which models knowledge or information accumulation. Intuitively, a model de-
scribes a process of investigation where an external agent learn progressively
and procedurally from the system by moving from less informative states to
more informative ones. Thus, the truth of a formula at a state s depends upon
the states s’ which are reachable from s (in epistemic logic terminology, the
states s’ represent the information set associated with s). Intuitionistic exten-
sions of modal logics have been explored in [18,23,26], where semantics is based
on birelational Kripke models with two accessibility relations: the intuitionistic
information partial order and the modal relation. Moreover, several studies have
explored the development of intuitionistic versions of temporal frameworks such
as Linear Temporal Logic (LTL) [4,3] and Computation Tree Logic (CTL) [11].
Additionally, in the area of nonmonotonic reasoning, IL has played an important
role within the well-known Answering Set Programming paradigm (ASP) [7]
leading to temporal extensions of ASP [9,6] that are supported by intuitionistic
temporal logics like the temporal logic of here and there [4]. These contributions
highlight a growing interest in integrating IL into temporal contexts.

Contribution. In this paper, we build upon the preliminary definition of Intu-
itionistic CTL (ICTL) introduced in [11], extending and refining the framework
to enhance its expressiveness and semantic robustness. Specifically, we propose a
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more disciplined class of Kripke models, introducing an additional structural con-
dition that ensures the validity of fixed-point equivalences for universal temporal
operators. This refinement is essential to preserving the constructive interpreta-
tion of universally quantified path formulas, an aspect only partially addressed
in the original formulation. ICTL is an extension of classical CTL that incor-
porates propositional IL to model a specific form of partial information. One of
its core features is the ability to reason about progressive information acquisi-
tion, the process by which a system or external verifier incrementally constructs
knowledge about its state over time. This is particularly relevant in verification
tasks where temporal properties must be constructively established through the
evolution of system behaviors, rather than assumed from a globally fixed state.
By enriching Kripke models with a partial order over states to capture the ac-
cumulation of observable information, ICTL enables a dynamic semantics in
which truth is not statically assigned but may emerge over time as evidence is
gathered. Unlike classical CTL, where each state encodes a complete and final
snapshot, ICTL supports a more nuanced and realistic modeling of incomplete
or evolving observations. This makes it especially suited for reasoning about con-
structive guarantees, such as eventual consistency or write persistence, where the
verification process itself unfolds temporally. As a result, our version of ICTL
guarantees that the truth of a universal temporal formula (e.g., ATUyp) can
be derived constructively, reflecting the intuitionistic semantics of information
growth. Moreover, this refinement allows us to design a simpler and more effi-
cient model checking algorithm, as it avoids some of the complications arising
from non-monotonicity or lack of fixed-point preservation in prior approaches.
The key insight is to interpret the temporal model through a Kripke structure
enriched with a partial order that tracks the progression of information: the sys-
tem does not instantaneously know the truth value of a formula, but acquires
it progressively as computation unfolds. ICTL is thus suitable for reasoning in
settings where the validation of a specification requires constructive evidence,
such as persistence, convergence, or stabilization properties. We formally de-
fine the syntax and semantics of ICTL and analyze its fundamental properties.
We formally define the syntax and semantics of ICTL, and furthermore, we
provide key properties that underpin the structure of the logic, ensuring that
strategies and decision-making processes are not only well-defined but also com-
putationally tractable. To this end, we present an algorithm for model checking
ICTL and prove its PTIME-completeness, making it computationally equivalent
to CTL. This demonstrates that constructive temporal reasoning can be com-
putationally tractable while providing a richer semantic basis for verification
under incomplete knowledge. We support our theoretical contributions with a
set of benchmarks, evaluating the efficiency of our approach through an applica-
tion scenario involving write-persistence in a database system, highlighting how
ICTL provides a practical and effective means of modeling observational guar-
antees in systems where state visibility evolves over time, in a computationally
feasible manner.
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2 Preliminaries

We fix a finite non-empty set AP of atomic propositions. For a word (or sequence)
w over some alphabet, |w| denotes the length of w (we set |w| = oo if w is infinite)
and for each 0 < i < |w|, w(i) is the (i + 1)" letter of w.

2.1 Intuitionistic Propositional Logic

We first recall Intuitionistic Propositional Logic (IPL for short) and its standard
Kripke semantics. In IPL, the truth of a formula ¢ is understood as ¢ is provable.
The set of IPL formulas ¢ over AP is inductively defined as follows:

pu=LlpleAeleVelep—e
where | is the falsehood symbol and p € AP. Negation of ¢ is defined as — def
@— L. In the Kripke semantics, IPL formulas are interpreted over Intuitionistic
Kripke structures (IKS) which are tuples I = (S, Sy, <, V), where S is a set of
states or worlds, S; C S is the set of initial states, < is a partial order over S, *
and V : S — 2AP is a propositional valuation that assigns to each state s the set of
propositions holding at s. Moreover, we require that the valuation V satisfies the
monotonicity condition, that is: for all states s,t € S, if s<¢ then V(s) C V(¢).
Intuitively, states represent partial information and s<s’ means that information
increases in moving from s to s’. Regarding the meaning of atomic propositions,
they represent assertions or facts, as in the classical setting. However, in the
intuitionistic framework, the truth value of a proposition p at a state s may be
undetermined. Specifically, if p € V(s), then the truth value of p at s is true. If
p ¢ V(s), then the truth value of p at s is not necessarily false. According to the
intuitionistic interpretation of negation, p is false at s iff for every refinement s’

of s (that is, s=Xs), p & V(s).

Semantics of IPL. For a state s of K and a formula ¢, the satisfaction relation
K, s | ¢ is inductively defined as follows:

K,s L

K,skE=p < peV(s)

K, s = p1—pa < for all states t € S such that s=t:

K,t = 1 implies K, t = @2

K,sEpiNps e K,s =@ and K, s = ¢

K,sEpiVeps & KskEpor K sEps

Note that ¢1—¢o is checked at all the states greater or equal to the current
state s. Moreover, K, s = — if and only if for all states ¢ such that s=<¢, IC, ¢ }£= ¢.
Intuitionistic semantics has the feature that for any formula ¢ and states s=<t
of a Kripke model, if K, s |= ¢, then K,t |= ¢ holds as well; that is, truth is
monotone (with respect to <).

4 A partial order over S is a reflexive, transitive and antisymmetric binary relation
over S.
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Fig.1. Counter model K for the excluded middle principle

Due to intuitionistic semantics of implication, K, s | —p implies K, s £ ¢ but
not the opposite. In other words, K, s = ¢ just means that ¢ is not provable in s,
but this does not implies that —y is provable in s. Indeed, IPL calculus has one
axiom less than classical one, namely it does not contain the law of the excluded
middle: ¢ V —p. Alternatively, to obtain the classical propositional calculus, one
can add the double negation elimination axiom (——@—) to the intuitionistic
calculus. Figure 1 illustrates a counterezample model K for the formula p vV —p.
The formula is not satisfied at state 0. Indeed, K,0 & p because p ¢ V(0) and
K,0 = —p because K,1 | p. Hence, the formulas p V —p and ——p—p are not
valid. A formula ¢ is valid if IC, s |= ¢ for all IKS K and states s of K. A formula
¢ is satisfiable (valid) if IC, s |= ¢ for some (all) IKS K and state s. Due negation
semantics, validity of a formula ¢ does not correspond to unsatisfiability of —p.
In fact, while the set of IPL satisfiable formulas equals the set SAT of classically
satisfiable formulas, this correspondence does not extend to validity. As a matter
of fact, checking validity in IPL is PSPACE-complete [27].

3 Intuitionistic CTL

We now introduce our formulation of Intuitionistic CT'L (ICTL) by revisiting
and refining the definitions from [11], addressing previously unresolved aspects
and completing the semantic framework to support constructive temporal rea-
soning, and provide a characterization of the birelational frames that ensure
monotonicity of the satisfaction relation. In Subsection 3.1, we illustrate the
novel framework by modelling the verification of eventual and persistent stor-
age guarantees in a database system, where the success of a write must be
established through constructive observation of system executions. Moreover, in
Subsection 3.2 we address expressiveness issues, and give denotational charac-
terizations of the ICTL semantics.

Syntax of ICTL. The syntax of ICTL coincides with that of standard CTL
but with emphasis on the use of the implication connective. Formally, for the
given set AP of atomic propositions, the syntax of state formulas ¢ and path
formulas 1 over AP is inductively defined as follows:

pu=LlpleAe|loVe|p—=p | Ay |EY
Y = Qe | Up | pRyp

where p € AP, (O, U, and R are the standard “next”, “until”, and “release” tempo-
ral modalities, respectively, and A and E are the existential and universal path
quantifiers, respectively. We also exploit the double implication <+ defined as
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follows: ¢ + ¢ def (p—¢") A (p'—=¢). Formula Ay expresses that for every

path from the current state, the property ¢ holds, while formula Ei requires
that there exists a path starting at the current state such that the property ¥
holds. Formulas of ICTL are all and only the state formulas. The size |p] of a
formula ¢ is the number of distinct (path or state) subformulas of .

We also consider the existential fragment ICTL3 and the universal fragment
ICTLy of ICTL, obtained by disallowing the universal path quantifiers for ICTL3
and the existential path quantifiers for ICTLy, respectively. Note that under the
semantics of CTL, the two fragments are equivalent since the path quantifier A
can be expressed in terms of E, and vice versa. However, as we will see in Sub-
section 3.2, this does not hold for the intuitionistic semantics of ICTL. Similarly,
the dual modalities U and R are not interdefinable in ICTL.

ICTL formulas are interpreted over Birelational models which extend classi-
cal Kripke structures by a partial order over the set of states.

Definition 1. A Birelational Frame (BF for short) is a tuple F = (S,S;, —
, =) where S and St are defined as for IKS, —C S x S is a temporal transition
relation which is left-total (that is for every s there is s’ s.t. s — §'), and < is a
partial order over S. A path 7 of F is an infinite sequence of states m = sg, 1, . - .
such that s; — s;11 for each i > 0. A finite path of F is a non-empty prefix of
some path.

We say that F is well-behaved if the partial order <X satisfies the following
two additional conditions for all states s,s' € S:

(C1) if s=s" and s —> t for some state t € S, then there is a state t' € S such
that ' — t' and t=3t' (see fig. 2);

(Co) if s=s’ and 8" — t' for some state t' € S, then there is a state t € S such
that s — t and t=t' (see fig. 3).

Fig. 2. Condition Cy Fig. 3. Condition Ca

A Birelational Model (BM for short) is a tuple M = (S, S;,—, =<, V) con-
sisting of a BF (S, St,—, <) and a valuation V: S s 24P satisfying the mono-
tonicity condition, that is: for all s,t € S, if s=3t then V(s) C V(¢).

A BM is well-behaved if the underlying frame is well-behaved. Conditions Cy
and Cs formalize the interplay between the partial order < (which models in-
formation accumulation of the agents) and the time passage induced by agent
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Fig. 4. Well-behaved BM satisfying at state sg the formula ={(Ag)) Op A —~{(Ag)) O —p.
For simplicity, we report only the minimal <-edges which generate the partial order <.

actions, regulating the dynamic of information change which is induced by time
passage. Intuitively, in a well-behaved BM M, condition C; ensures that the par-
tial order < behaves like an alternating-time simulation over M [2], and similarly
for condition C, over the inverse = of =<: if a state s’ is at least as informative
as s, then for each A-decision d available at s, there is an A-decision available
at s’ that produces a set of outcomes at least as informative as those produced
at s (and vice versa). As we will see, the well-behaved property is the minimal
requirement for ensuring truth monotonicity of ICTL, a crucial semantics con-
straint in the intuitionistic setting: in moving from a state to a more informative
one, the truth of the statements is preserved. It is worth noting that by [2],
checking the well-behaved requirement for finite BM can be done in polynomial
time. Moreover, the BM models in which each state has exactly one successor
correspond to the linear frames introduced in [3] for intuitionistic LTL (ILTL).
In particular, for the subclass of linear frames, the additional conditions C; and
C, coincide and are equivalent to the property of forward confluence as defined
in [3] (ezpanding frames). It is worth emphasizing that the variant of ILTL we
consider is the one interpreted over expanding frames [3] as our framework only
requires forward confluence.

Semantics of ICTL. The semantics of ICTL differs from that of standard CTL
by the intuitionistic interpretation of implication —. Let M = (S, S;, —, <, V)
be a BM, s € S, and 7 a path of M. For a path formula 1 and a state formula
¢, the satisfaction relations M, s = ¢ and M, 7 = ¢ are inductively defined as
follows, where we omit the base cases and the cases for Vv, A, and the temporal
modalities which are standard:

M, s =L
M,sEp S peV(s)
M, s = p1—¢pq < for all states t € S such that s=<t:
if M,t = @1 then M.t = ¢
M, s =AY & for all paths 7 starting at s, M, 7 =
M, s EEyp & for some path 7 starting at s, M, 7 =

Moreover, we write M, s =ct1, ¢ to mean that the Kripke model (KM for short)
embedded into M, i.e., the tuple (S, Sy, —>, V), satisfies ¢ at state s under the
standard CTL semantics. We observe that unlike IPL versus propositional logic,
ICTL satisfiability does not correspond to CTL satisfiability.
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Fig. 5. Countermodel for non-validity of dualities

Proposition 1. Fvery ICTL-formula ¢ which is satisfiable under the CTL-
semantics is also ICTL-satisfiable. However, there are ICTL-satisfiable formulas
which are unsatisfiable under the standard CTL semantics.

Proof. Since BF can be seen as well-behaved BM whose partial order < is the

identity, the first part of Proposition 2 trivially holds. For the second part, we

consider the formula ¢ ef g O p A —=E O —p. This formula is unsatisfiable

under the CTL-semantics. On the other hand, the state sg of the well-behaved
BM M illustrated in Figure 4 satisfies ¢ under the ICTL-semantics (note that
M, s1 £ p and M, s1 = —p).

Proposition 2. An ICTL-formula o is ICTL-satisfiable < ¢ is ICTL-satisfiable
over well-behaved BM < ¢ is satisfiable under the CTL semantics.

Due to the intuitionistic interpretation of negation, standard dualities which
allow to express a temporal modality or a path quantifier in term of its dual are
not valid formulas in ICTL.

Proposition 3. The following ICTL formulas are not valid:

AQ ¢ < "EQO —¢;
EOQ¢ < -AQ ~y;
A(p1Up2) < ~E(=p1R—¢p2);

E(p1Up2) < ~A(=p1R—p2);
A(p1Rp2) <> 2E(=p1U=p2);
E(p1Rp2) < 2A(—p1U—p2).

Proof. Let us consider the BM M illustrated in Figure 5, We have that M, s; |=
-AQpand M, s; £ EQ-p. Hence, "AQp — EQ—p is not satisfied at state s;.
Analogously, -A(TUp) — E(LR-p) is not satisfied at state s;. The remaining
cases are similar. O

Monotonicity of truth of formulas. A BF F = (S,S;,—, <) is ICTL-
monotonic if for all propositional valuations V : S + 2P such that (F,V) is a
BM (i.e., V satisfies the monotonicity condition), the following holds for all states
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s,t and ICTL formulas ¢: if M,s = ¢ and s=<t then M,t |= ¢. The notions
of ICTL3-monotonicity and ICTLy-monotonicity are similar. In the following,
we show that conditions C; and Cy in Definition 1 are necessary and sufficient
conditions on the partial order < of a BF for ensuring ICTL-monotonicity.

Let F = (S, S, —, <) be a BF. For two paths 7w and 7’ of F, we write 7=’
to mean that 7(i)=<7’(i) for all ¢ > 0. Moreover, for two finite paths p and p’,
we write p=p’ to mean that |p| = |p’| and p(i)=p'(i) for all 0 < i < |p|.

Lemma 1. Let F be a BF satisfying condition C1 and s=s’. Then, for each path
7w of F starting from s, there is a path 7 of F starting from s’ such that 7=<7’.

Proof. Let m = sq, 1, S2, ... be a path with sy = s and for all ¢ > 0, let 7; be the
prefix of 7 of length ¢ + 1. For each i > 0, we construct a finite path 7} starting
from s’ of length ¢ + 1 such that m; <7} and in case ¢ > 0, 7} is of the form
m, = m_, - s, for some state s;. Hence, the infinite sequence 7’ = sq, s, 55, . ..
with sj = s’ is an infinite path starting from s’ such that 7=z’. For the base
case (i = 0), we set 7, = s, and being s=s’, the result trivially follows. Now, let
i > 0 and 7,_; be a finite path of length ¢ starting from s and leading to some
state s;_, such that m;_1=<7}_;. Since the structure F satisfies condition Cj,
$i—1=s,_; and s;_1 — s;, there must be a state s; such that s, _; — s} and
s;=s;. We set w} :=m,_; - s, and the result follows. O

For BF satisfying condition Cy in Definition 1, we obtain a result similar to
Lemma 1.

Lemma 2. Let F be a BF satisfying condition Co and s=s’. Then, for each path
7' of F starting from s', there is a path © of F starting from s such that 7=<7’.

By exploiting Lemmata 1 and 2, we show that conditions C; and Cs charac-
terize the ICTL-monotonic BF.

Theorem 1. Let F be a BF. Then:

1. F satisfies condition Cy iff F is ICTLs-monotonic.
2. F satisfies condition Co iff F is ICTLy-monotonic.
8. F is well-behaved iftf F is ICTL-monotonic.

Proof. We prove Property (1). The proof of Property (2) is similar, and Prop-
erty (3) easily follows from Properties (1) and (2). For the left to right implication
of Property (1), assume that F satisfies condition C;. Let M = (S, S;, —, X, V)
be a BM whose underlying frame (S, S, —, <) is F, ¢ an ICTL3 formula, s=<s’,
and M, s = . We prove by structural induction on ¢ that M, s’ |= ¢. The cases
where ¢ is an atomic proposition directly follows from the monotonicity condi-
tion on the propositional valuation V, while the cases where the root operator
of ¢ is a Boolean connective directly follow from the induction hypothesis. Thus
since ¢ is an ICTL3 formula, it remains to consider the case where ¢ is of the
form E for some path formula . Since M, s |= Ev, there exists a path 7 start-
ing from s such that M, 7 = 9. Being s<s’, by Lemma 1, there exists a path 7/
starting from s’ such that 7(j)=<7'(j) for all j > 0. Assume that ¢ is of the form
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p1Ups (the cases where v is of the form Oy or ¢1Rypy are similar). We show
that M, 7" = ¢1Upa. Hence, the result follows. Since M, 1 = ¢1Upsq, there is
i > 0 such that M, (i) = p2 and M, (k) |= ¢ for all 0 < k < 4. Thus, by the
induction hypothesis, M, 7’(i) = p2 and M, 7’(k) |= ¢1 for all 0 < k < 4. This
means that M, 7’ | ¢1Ups and we are done.

The right to left implication of Property (1) is proved by contrapositive.
Assume that F = (S, S, —, X) does not satisfy condition C;. We prove that F
is not ICTL3-monotonic. By hypothesis there must be three states s, s" and ¢ with
s=s’ and s — t such that for each state t’, if s — t’ then tAt’. Let p € AP and
V : S+ 2AP be the valuation defined as follows for all states u € S : V(u) = {p}
if t=<u, and V(u) = () otherwise. We observe that V satisfies the monotonicity
condition w.r.t. <. Indeed, let u=u’. If V(u) = (), then V(u) C V(u'). Otherwise,
t=u and by transitivity of <, t=<u’ holds as well. Hence, V(u') = {p}, and the
result follows. Thus, the tuple M = (S, S;,—, <, V) is a BM with embedded
frame F. By construction, V(¢) = {p} and s — t. Hence, M, s = E O p. Thus,
since s=<s’, in order to show that F is not ICTL3-monotonic, we prove that
M, s" £ EQ p. Indeed, for each ' such that s — ', we have that tA¢', hence,
V(t') = 0. This means that M, s’ = E O p, and we are done. O

3.1 Example: Traceable and Persistent Database Transaction

We illustrate the ICTL framework with a verification scenario involving the con-
structive guarantee of data persistence in a database system. The goal is to
ensure that once a write is successfully performed, its effect becomes perma-
nently observable and cannot be erased or invalidated. To this end, we model
a system where users perform read and write operations over successive ob-
servation steps i, each including: an initial idle state init;, a waiting state
wait;, and a successful write state write;. Each state includes atomic propo-
sitions: w;; (user ¢ writes data j), r; (user ¢ requests a write), and ¢; (data j
is erased). Observations accumulate knowledge over time, formalized by a par-
tial order =< such that write; < init;11, guaranteeing monotonic information
growth across steps. We capture the persistence property via the ICTL formula
¢ = A[LR(r; = E(TUw;;))] = —¢;, which states that whenever a write request
occurs, the data will eventually be written and never lost or overwritten. Cru-
cially, in the intuitionistic setting, this implication is constructive: it ensures that
evidence of w;; persists in all future refinements, and that c¢; remains false in
all informational extensions. Figure 6 shows the birelational model BM M in-
stantiated with three observation steps. This structure forms the foundation for
scaling to more realistic scenarios, including centralized and distributed systems
with replicated databases and coordinated consistency mechanisms.

3.2 Properties of ICTL

In this section, we first establish some expressiveness results about ICTL. Then,
we provide least and greatest fix-point characterizations of the temporal quan-
tifiers. Note that these results are independent of the well-behaveness assump-
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Fig.6. BM for Database traceability problem with 3 observations

tion on BF which characterizes truth monotonicity in ICTL. However, without
monotonicity, ICTL would be not an intuitionistic logic, i.e., it would be not
conservative over IPL.

For a formula ¢ and a BM M with set of states S, we denote by [¢] 4 the
set of M-states satisfying ¢ that is [¢] g = {s € S | M,s |= ¢}. We simply
write ] if M is clear from the context. Two formulas ¢; and s are equivalent,
written 1 = g, if for each BM M, [¢1] Aq = [p2] o The following result is
straightforward.

Proposition 4. For all formulas @1 and s, o1 = s iff the formula ¢ < po
1s valid.

Expressiveness issues. We establish the following results, where ICTLy and
ICTLR are the fragments of ICTL obtained by disallowing the release modality
for ICTLy and the until modality for ICTLg, respectively.

Theorem 2. ICTLs and ICTLy are expressively incomparable, and ICTLy and
ICTLR are expressively incomparable.

Proof. The proof for ICTL3 and ICTLy is by contraposition. Assume that either
ICTL3 is subsumed by ICTLy or ICTLy is subsumed by ICTL5. We examine the
first case (the second case being similar). Hence, for each ICTL3 formula, there
exists an equivalent ICTLy formula. Let us consider a BF F with partial order
= which does not satisfy condition C; in Definition 1, but satisfies condition
C, (obviously, such frames exist). By Theorem 1, F is not ICTLzg-monotonic.
Hence, there is a BM M whose frame is F, two states s and s’ with s=<s’, and
an ICTL3 formula ¢3 such that M, s = @3 and M, s’ [~ ¢3. By hypothesis,
there exists an ICTLy formula ¢y such that ¢y = ¢3. Hence, M, s E ¢y and
M, s £ py. Since F satisfies Co, by Theorem 1, F is ICTLy-monotonic. Hence,
we deduce that M, s’ = ¢y, and we reach a contradiction. For the second part
of the theorem, it is known [3] that modalities U and R are both necessary for
ensuring the full expressivity of intuitionistic LTL (ILTL). Since the models of
ILTL correspond to BM where each state has exactly one successor, and over
these models, ICTL coincides with ILTL, the result follows. ad
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Fix-point characterizations of path quantifiers. Let M = (S,S;,—
,=, V) be a BM. Given X C S, we denote by X€¢ its complement, i.e., the
set S\ X, and by X' the set of states s € S such that for each state s’ with
s=s’, s’ € X. Note that XT C X. Moreover, we write Prea(X) for the set of

states s such that some successor of s is in X: pre?(X) def {s € S |thereis s’ €

X such that s — s’}. Finally, we denote by Prev(X) the set of states s such

that all successors of s are in X: pre”(X) e {seS|foralls’ € §: if s —

s’ then s’ € X}. The following two propositions easily follows from the semantics
of ICTL.

Proposition 5. Given a BM M with set of states S, the following holds:
= [p1—=p2] = ([e1]° U fe2])"
~ [EO¢] = Pre’([¢]).
— [AQ ¢] = Pre’([¢])-
— (Pre”([X]))© = Pre’ ([X]°) for each X C S.

Proposition 6. The following equivalences hold:

= E(p1Up2) =2 V (01 AEO (E(p1Up2))).
E(p1Rp2) = @2 A (91 VE O (E(p1Rp2)))-

= Alp1Up2) = 02 V (01 AA O (A(p1Up2))).
Ap1Rp2) = w2 A (01 VA QO (A(p1Re2))).

Let M be a BM with set of states S and ¢ be a monotonic function 2° — 25.

The dual § of g is the function 2° + 25 defined as follows for each X C S:

9(X) def (g(X*©))°. Note that g is monotonic too. Recall that by Tarski theorem,

both g and g have the least and the greatest fixpoints. Moreover, the following
holds.

Proposition 7. Let M be a BM with set of states S and g : 2% + 2. If g is
monotonic, then the greatest fizpoint (resp., least fixpoint) of g coincides with
the complement of the least fixpoint (resp., greatest fixpoint) of g.

For all formulas ¢; and @2 and BM M with set of states .S, we consider the

following monotonic functions 25+ 25 defined as follows for each X C S:

~ EUg, 4, (X) = 2] U (2] N Pre?(X))

3
(
~ ERypy 0 (X) = [ip2] N ([2] U Pre’(X))
— AUy, 4, (X) €[] U ([1] N Pre¥(X))

~ ARy, 0, (X) € o] N ([1] U Pre” (X))

We deduce the following fix-point characterizations of the path quantifiers.

Theorem 3. For all formulas @1 and o and every BM M, the following holds:
1. [E(p1Ugp2)] is the least fiz-point of EUy, o, ;

2. [E(¢1Rp2)] is the greatest fiz-point of ERy, o, ;

3. [A(p1Ugp2)] is the least fiz-point of AUy, o, ;

4. [A(¢1Ryp2)] is the greatest fix-point of ARy, o, .
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Proof. We prove 1 and 4, the proof of 2 and 3 being similar.

1. Let X = [E(p1Ug2)]. In virtue of Propositions 5 and 6, it is clear that X
is a fix-point of EU,, ,,. Let Y be another fix-point of the latter function.
We show that X C Y. Suppose X # @ (otherwise the result is trivial) and
let x € X. By definition, there is a path 7 starting at = such that for some
Jj > 0: 7(j) € [we] and (i) € [¢1] for each 0 < i < j. Suppose that 7(j)
is the first element of m that belongs to [¢2]. Since 7 (j) € [w2], we obtain
that 7(j) € Y = [p2] U([e1] NPre? (Y)). To conclude, we show that for each
0 <k <y, m(k) €Y implies w(k — 1) € Y. Thus, suppose that w(k) € Y.
Since m(k — 1) —» w(k), we obtain that 7(k — 1) € Pre?(Y), and since
m(k — 1) € [¢1], we conclude that w(k — 1) € Y as desired.

4. Let X = [A(p1Rp2)]. We introduce an additional temporal modality U®
which is the intuitionistic dual of R:

M, 7 |E p1UCpy < there is i > 0 such that M, (i) £ @9 and
M,m(k) e forall0 <k <i

By the semantics, [A(¢1Rp2)] = [E(p1U°p2)]°. Let us consider the mono-

tonic function EU:;I#,2 : 25 3 25 defined as follows for each X C S:
c def c c
EUS, ., (X) = [pal®U ([p1]° N Pre’(X)).

By proceeding as in the proof of Property 1, we deduce that [E(¢1U%p2)]
is the least fixpoint of EUZ, . . By Proposition 5, EUZ  is the dual of
the mapping ARy, ,,. Thus, since [A(¢1Rp2)] = [E(¢1U%p2)]°, by Proposi-
tion 7, the result follows, i.e., [A(¢1Rp2)] is the greatest fix-point of AR, ., .

O

4 ICTL Model Checking

We address the model-checking problem for ICTL, that is, checking for given
finite BM M and ICTL formula ¢, whether M, s = ¢ for each initial state s.
By applying the results of Section 3.2, we show that ICTL model checking has
the same complexity as standard CTL model checking.

Theorem 4. ICTL model checking is PTIME-complete and can be solved in time
O(|M|? - |®|) for given finite BM M and formula ®.

Proof. PTIME-hardness follows from PTIME-hardness of CTL model checking [12]
and the fact that checking that a finite KS M is an CTL-model of a formula ¢
reduces to checking that the BM extension of M with the identity partial order
is an ICTL-model of ¢. For the matching upper bound, we consider the model
checking algorithm illustrated in Figure 7 which computes for a given finite BM
M and ICTL formula @, the set of states [@] which satisfy @. The algorithm
computes the denotations [¢] of the subformulas ¢ of @ by a bottom-up traver-
sal of the parse tree of the formula @ in accordance with Proposition 5 and
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for each ¢ € Sub(®)
case o = p: [ig] == {slp € V(s)};
case ¢ =1V 2 [¢] := [p1] U [p2];
case ¢ =1 A2 : ] := 1] N [p2];
case ¢ = p1—=p2: [o] == ([p1]° U [2])T;
case ¢ = EQ g1 : [¢] := Pre’([e1]);
case ¢ = AQ 1 : [¢] := Pre”([p1]);
case ¢ = Ep1Ups :
Qi :=10; Q2:=[p]; Qs:=[e2];
while Q3 Z Q1 do Q1 :=Q1UQs3; Q3 := Prea(Ql) N Q2;
[¢] == Qu;
case ¢ = Ap1Ugps, : as in the previous case but
we use Pre” instead of Pre?;
case ¢ = Fp1Rps :
Q1:=5; Q2= [p1]; Q3= [e2];
while Q1 Z Qs do Q1 = Q1N Qs; Qs :=Pre?(Q1) UQ2;
[l == Qu;
case ¢ = Api1Ryp2 :as in the previous case but
we use Pre” instead of Pre”;
return [@];

Fig. 7. Algorithm for ICTL model checking

Theorem 3. In particular, the subformulas of @ are ordered in a queue Sub(®),
where a subformula ¢ precedes oo iff |¢1] < |@2|. Each while loop requires at
most O(|S|) iterations, and the time spent by a while loop is at most O(|M]),
as the computation of pre-images can be implemented in such a way that each
transition of the model is visited exactly once during the various iterations of
the loop. Note that the computation of the upward closure X' of a subset X
of S requires quadratic time in |X|. Each subformula is processed exactly once.
Hence, the algorithm runs in time O(|M|? - |®]).

Implementation € Benchmark. To evaluate the performance of our proposed
ICTL model checking algorithm, we extended the VITAMIN model checker [17]
to support the specific semantics of intuitionistic CTL. The implementation ad-
heres to privacy and copyright constraints while ensuring reproducibility of our
results. The data representation follows the schema introduced in [17], and the
model structure is based on the setting illustrated in Figure 6.

A model generation algorithm was developed to generalize over a variable
number m of db operations and n observations, enabling scalability and adapt-
ability of our approach. The experimental evaluation was conducted using the
model M and the ICTL formulas ¢ described in Section 3.1. All experiments
were run on a desktop machine equipped with an Intel +7 12700K processor and
64GB of RAM, providing a consistent and controlled testing environment. Ta-
ble 1 reports the average execution time (in seconds) across 10 independent runs
for increasing model sizes, achieved by varying the number of observations and
transactions. The results show that our ICTL model checking algorithm exhibits
efficient scalability: as the number of states grows, execution times remain sta-
ble without significant degradation. Our implementation of the model checking
process, depicted in Figure 7, accepts both the model and the logical formula as
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Table 1. Average model checking time for ICTL over 10 runs

#|States,xm|Nstates| Tmc (s)
10 x 10 100 | 0.0036
20 x 20 400 | 0.0201
50 x 50 2500 | 0.2115
80 x 80 6400 | 1.0212
90 x 90 8100 | 1.6683

100 x 100 | 10000 | 2.5088

150 x 150 | 22500 | 10.592

180 x 180 | 32400 | 24.227

200 x 200 40000 | 31.499

230 x 230| 52900 | 54.788

© 0~ O U= W N =

=
f=}

inputs and systematically performs the checks by reproducing the testing pro-
cedure described. This ensures that the experiments can be reliably replicated
under similar conditions, fostering transparency and facilitating the validation
of our findings.

5 Conclusion

In this work, we introduced Intuitionistic CTL (ICTL), an extension of clas-
sical CTL that incorporates the principles of intuitionistic logic. This frame-
work provides a richer and more flexible formalism for reasoning about systems
with incomplete or evolving knowledge. While classical CTL assumes that every
proposition is either definitively true or false in a given state, thus presuming
complete information, ICTL relaxes this assumption, allowing for the represen-
tation of partial knowledge and constructively acquired truths. This makes it
especially suited to applications involving information refinement, sensing, and
dynamic knowledge acquisition, where certainty is often deferred or progressively
built. Looking ahead, we plan to deepen our understanding of ICTL by devel-
oping a complete axiomatization of the logic. Furthermore, we aim to generalize
the intuitionistic approach beyond CTL, extending it to more expressive tem-
poral logics such as CTL*. In parallel, we are also investigating an intuitionistic
variant of Alternating-time Temporal Logic (ATL) [1], with the goal of capturing
strategic abilities under dynamic and constructively represented knowledge.
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